A mathematical model is developed to examine the effects of an induced magnetic field on the peristaltic flow in a curved channel. The non-Newtonian pseudoplastic fluid model is used to depict the combined elastic and viscous properties. The analysis has been carried out in the wave frame of reference, long wavelength and low Reynolds scheme are implemented. A series solution is obtained through perturbation analysis. Results for stream function, pressure gradient, magnetic force function, induced magnetic field, and current density are constructed. The effects of significant parameters on the flow quantities are sketched and discussed.
Introduction
Investigations of peristaltic transport of fluids are interesting and have been a topic of several attempts during the last few decades owing to their applications in chyme movement in gastrointestinal tract, spermatozoa transport in the ductus efferents of male reproductive tract, the movement of ovum in female fallopian tube, vasomotion of blood vessels, movement of food bolus through oesophagus, and many others. After the experimental study of Latham [1] , a number of investigations have been presented on peristalsis under different flow geometries, assumptions, and fluid models. Few recent representative studies in this direction are done by Tripathi [2 -5] ; Pandey and Chaube [6] ; Pandey and Tripathi [7] ; Srinivas and Kothandapani [8] ; Abd elmaboud and Mekheimer [9] ; Hayat et al. [10, 11] ; Mekheimer and Abd elmaboud [12] ; Mekheimer et al. [13] ; Abd elmaboud and Mekheimer [14] ; Gharsseldien et al. [15] ; Tripathi and Bég [16] ; Tripathi et al. [17 -19] ; Bég [20] and many others.
Magnetohydrodynamic (MHD) peristaltic flow has been also an important area of research for the last few years. The flow effects the field and the field in turn react back to effect the flow. Magnetotherapy, magnetic resonance imaging, and magnetic devices are few applications of magnetic fields in physiology. With such awareness, few researchers studied the influence of an applied magnetic field on the peristaltic motion. For example, Nadeem et al. [21] studied the power law fluid model for blood flow through a tapered artery with a stenosis. In another investigation, Nadeem and Awais [22] have discussed the thin film flow of an MHD Oldroyd 8-constant fluid in a vertical cylinder. Hayat et al. [23 -25] have analyzed the MHD effects on the peristaltic flows of Jeffrey, Carreau, and fourth grade fluid. The analysis presented in the recent investigations [26 -32] also examined the peristalsis with an applied magnetic field. In continuation, some advancement is made for the peristaltic activity in the presence of an induced magnetic field. A pioneering work regarding an induced magnetic field was done by Pavlov and Vishnyakov [33] . Afterwards, Mekheimer [34] examined the MHD flow of a couple stress fluid in a symmetric channel with an induced magnetic field. Recently, Hayat et al. [35 -37] discussed the peristaltic transport of incompressible third order, Carreau, and fourth grade fluids in a symmetric channel under the effects of an induced magnetic field, respectively. In [38] , Mekheimer dealt with the flow analysis of an incompressible magneto-micropolar fluid in the presence of an induced magnetic field.
Another important aspect dealing with the peristaltic flow in a curved channel is not given proper attention so far. The literature is repleted with the peristaltic flows in a straight channel. The consideration of a curved channel is important especially for the analysis of peristaltic flows in physiological processes. Mostly, peristalsis is studied in straight channels and tubes. However, the geometry of most physiological conduits and glandular ducts is curved. A model of micro wrinkles on human skin also requires a curved geometry. The geometry of airways and arterial network produces swirling flows, similar to the flows found in curved or twisted pipes. With this motivation, Sato et al. [39] analyzed the peristaltic flow in a curved channel. Ali et al. [40] reconsidered the analysis of [39] in the wave frame of reference. In continuation, Ali et al. [41, 42] discussed the peristaltic transport of third order and micropolar fluid in a curved channel.
The present research has been undertaken to investigate the peristaltic transport of a pseudoplastic fluid in a curved channel. The differential equations are modelled, and the mathematical problem is solved in series form. Special attention in the analysis is given to the induced magnetic field effect. The paper is structured as follows: Section 2 presents the mathematical formulation, Section 3 contains the series solutions, and a discussion is given in Section 4; Section 5 includes concluding remarks.
Mathematical Formulation
Consider a curved channel with half width a. The circular shape of the channel has radius R and cen- stant magnetic field). This results in an induced magnetic field H hr (R,X,t) ,hx (R,X,t) , 0 and therefore the total magnetic field becomes H + (H * 0 + hr (R,X,t) ,hx (R,X,t) , 0). The wall surface is represented by the following expression:h (X,t) = a + b sin 2π
In the above equations, λ is the wavelength, t the time, and b the wave amplitude. Indicating the velocity componentsV andŪ along the radial (R) and axial directions (X), respectively, in the fixed frame, the velocity field V can be represented in the expression
The fundamental equations governing the flow of an incompressible fluid are: Continuity equation
Equation of motion [34] 
Induction equation
ς = σ µ e denotes the magnetic diffusivity, σ the electrical conductivity, µ e the magnetic permeability, ρ the density, d/ dt the material derivative, and T the Cauchy stress tensor. The Maxwell equations in the absence of displacement current are defined by
in which J, E, and H are the current density, the electric field, and the magnetic field, respectively. The Cauchy stress tensor T is given by
where I, p, S, µ, S ∇ ,μ 1 , andλ 1 , respectively, denote the identity tensor, the pressure, the extra stress tensor, the dynamic viscosity, the upper-convected derivative, and the relaxation times. The flow equations in the fixed frame become
The above equations can be reduced in a wave frame (r; x) by defininḡ
where (v, u) denote the velocity components in the wave frame. Now (13) - (15) give
ρ −c ∂v ∂x
and the stress components through (2), (10) - (12), and (16) are given bȳ
To facilitate the analysis, we use the following dimensionless variables: 
we see that (17) is satisfied identically; under long wavelength and low Reynolds number approach, one has
where ξ = λ 2 1 − µ 2 1 is the pseudoplastic fluid parameter, and (25) shows that p = p(r).
The dimensionless boundary conditions for the present problem are
Here the dimensionless time mean flow rate F in the wave frame is related to the dimensionless time mean flow rate θ in the laboratory frame as
Solution Methodology
With an interest in the series solution, we expand the following quantities in the parameter as follows:
The corresponding zeroth and first-order systems are presented in the subsequent subsections.
Zeroth-Order System
∂ p 0 ∂ x = 1 k(r + k) ∂ ∂ r (r + k) 2 S 0rx + M 2 E − k r + k ∂ ψ 0 ∂ r , ∂ ∂ r 1 k(r + k) ∂ ∂ r (r + k) 2 S 0rx + M 2 k 2 ∂ ∂ r − 1 r + k ∂ ψ 0 ∂ r = 0 , ∂ 2 φ 0 ∂ r 2 + 1 r + k ∂ φ 0 ∂ r = R m E − k k + r ∂ ψ 0 ∂ r , S 0rx = − ∂ 2 ψ 0 ∂ r 2 − 1 k + r 1 − ∂ ψ 0 ∂ r , Ψ 0 = − F 0 2 , ∂Ψ 0 ∂ r = 1 , φ 0 = 0 at y = h , Ψ 0 = F 0 2 , ∂Ψ 0 ∂ r = 1 , φ 0 = 0 at y = −h .(36)
First-Order System
The solution of above systems with
yields the results given below.
,
4 ,
2 ,
can be determined by the boundary conditions (37) in (39) - (40) . Clearly, once the stream function and the magnetic force function are determined, the other physical quantities of interest can also be computed. Thus the pressure gradient dp/ dx, axial induced magnetic field h x , current density J z , and pressure rise ∆ P λ are defined as dp dx
Results and Discussion
This section presents the results for pressure rise per wavelength ∆ P λ , velocity u, axial induced magnetic field h x , and current density J Z through the influence of curvature parameter k, pseudoplastic fluid parameter ξ , Hartman number M, and magnetic Reynolds number R m . Interestingly, k controls the magnitude of curvature. Results for rectangular straight channel are deduced for larger values of k (say k → ∞). The effects of emerging parameters are plotted in Figures 2 -7 .
The analysis of peristaltic pumping is important when the moving wall induces a curvilinear fluid motion. The pumping action is due to the dynamic pressure exerted by the walls on the fluid trapped between the contraction regions. The effect of curvature parameter k on the pressure rise is discussed in Figure 2a . We observe that the presence of curvature increases ∆ P λ in the pumping region [41] . Pressure rise increases as one moves from curved to straight channel. The peristalsis has to work against lesser pressure rise in a curved channel in comparison to a straight channel. The free pumping flux increases in going from curved to straight channels. In the copumping region, where the pressure assists the flow, a mixed behaviour of the curvature parameter is observed for fixed values of flow rate. The influence of ξ on the pressure rise per wavelength is shown in Figure 2b . In the pumping region (∆ p λ > 0, θ > 0), ∆ p increases by increasing parameter ξ for fixed flow rate θ . This means that the peristalsis has to work against a greater pressure rise for a pseudoplastic fluid than for a viscous fluid in the pumping region. For free pumping and copumping regions, it is noted that ∆ p decreases by increasing ξ . Figure 2c describes the pressure rise ∆ p λ against the mean flow rate θ for different values of M. The Hartman number M is a dimensionless quantity characterizing the flow of a conducting fluid in a transverse magnetic field. Here an increase in M investigated a decrease in the pressure rise. We observe that ∆ P λ in the pumping region (∆ p λ > 0, θ > 0) decreases by increasing M for the fixed values of flow rate. However for the case of copumping (∆ p λ < 0), the flow rate θ is an increasing function of M. There is no difference between the pseudoplastic fluid and the viscous fluid in the free pumping region (∆ p λ = 0). A deviation in the behaviour of Hartman number M on ∆ P λ is observed because of the incorporation of curvature effects. Clearly, the results for a planar channel are deduced when k is large [41] .
In Figure 3a , the axial velocity u is plotted for various values of curvature parameter k. The position of the maximum in the profiles is a function of k [41] .
Moreover, the profiles are not symmetric about r = 0. A shift of the profiles for smaller values of k (i. e., an increase in the curvature of channel) towards the lower wall is noticed, and symmetry occurs for k → ∞. The variation in axial velocity for the pseudoplastic fluid parameter is presented in Figure 3b . Here ξ is the material parameter which physically measures the elastic and viscous effects on the fluid flow. It is revealed that the maximum in u(r) for the Newtonian fluid (ξ = 0) lies below the maximum in u(r) for the pseudoplastic fluid (ξ = 0). Thus we see that the velocity in the pseudoplastic fluid is larger compared with the Newtonian fluid. The difference in velocity between Newtonian and non-Newtonian fluids also holds for bigger parameter space. Since the graphical visibility was seen for smaller values (ξ = 0.00, 0.005, 0.010), so we plotted u(r) for narrow interval of ξ parameter values. The axial velocity distribution u for different values of Hartman number M is shown in Figure 3c . It is found that the velocity profile is not symmetric about the central line of the channel due to the channel curvature. The behaviour of M near the walls of the channel is quite opposite to that of the centre of the channel. The magnitude of velocity is a decreasing function of M at r = 0.
The motion of a conductive fluid across the magnetic field generates currents, which thereby affect the propagating field. On the other hand, the flow of an electric current across a magnetic field is associated with a body force, the so called Lorentz force, which influences the fluid flow. To investigate the effects of magnetic field characteristics under the influence of k, ξ , and M, we plotted Figures 4a -c. It is shown that the parabolic profiles for the magnetic force function depict a left shift at r = 0. The magnetic force function is zero at the walls, which is in accordance with the imposed boundary conditions. These profiles are increasing functions of k, ξ , and M near the upper wall of the channel.
Figures 5a -d discuss the variation of axial induced magnetic field h x against r for different values of k, ξ , M, and R m . In the half region, the induced magnetic field is in one direction whereas in the other half it is in the opposite direction [38] . It is evident here that the magnitude of h x increases with k, ξ , M, and R m . The current density distribution J z for different values of k, ξ , M, and R m is plotted in Figures 6a -c. These plots indicate that the curves of J z are parabolic in nature and the magnitude of the current density J z increases at the centre of the channel while it decreases near the walls by increasing k, ξ , and M. A shift in the profiles is observed towards the lower wall. For larger values of k, symmetry in the profiles is attained, and the obtained results are compatible with existing studies [34 -36] . Physically, the balance of magnetic advection and magnetic diffusion is described by the magnetic Reynolds number. We see that R m has an increasing effect on the current density distribution (Fig. 5d) .
Streamlines represent the trajectories of fluid particles in a flow. The formation of an internally circulating bolus of fluid by the closed streamlines is known as trapping. The streamlines are shown in order to de- pict the variations of k on the trapping. The circulating bolus attains symmetry about r = 0 for large values of k. (Figs. 7a -d) .
Concluding Remarks
The effects of curvature and induced magnetic field on the peristaltic flow of a pseudoplastic fluid are explored; magnetic field characteristics are particularly emphasized. The main points are given below.
• The absolute axial velocity in a pseudoplastic fluid is larger than in a Newtonian fluid.
• The pressure rise per wavelength for a pseudoplastic fluid is larger than for a viscous fluid.
• The tilt in the velocity profiles shows that the flow is more towards the lower wall.
• The magnitude of induced magnetic field and current density in a non-Newtonian fluid is much larger compared with a viscous fluid.
• The symmetry of flow quantities such as velocity, current density, and induced magnetic field at r = 0 is disturbed due to the curvature. When k → ∞, the results for a planar channel are recovered.
